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An analytical procedure for evaluation of elastic stresses and strains in rotating conical disks, either solid or annular,
subjected to thermal load, and having a ﬁctitious density variation along the radius is presented. The procedure is based on
two independent integrals of the hypergeometric diﬀerential equation describing the displacement ﬁeld; this procedure is
just as general as the one found in technical literature, but less intricate and more reliable. General unpublished relations of
stress state and displacement ﬁeld in conical disk subjected, under elastic conditions, to thermal gradient, and featuring a
density variation along the radius are deﬁned. Particular consideration is given to some industrial example of turbine
rotors carrying hub and rim with buckets on periphery or radial blades on lateral surfaces. The analytical results obtained
by using the new general relations perfectly match those obtained by FEA.
 2007 Elsevier Ltd. All rights reserved.
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Rotating conical (or tapered) disks, that are disks whose thickness varies linearly on radius, are widely used
in current technical applications (turbine disks, ﬂywheels, gears, pulleys, sprockets, fans, pump impellers and
so on). Indeed, they are less expensive than uniform strength disks and they can be designed in order to
approximate uniform stress distributions. Therefore, mechanical design of disks involves the evaluation of
centrifugal and thermal stresses. Moreover, it is necessary to take into account of stresses due to, for example,
radial blades on disk lateral surfaces or buckets along the disk periphery, that can be simulated with ﬁctitious
density variation along disk radius.
Analytical close-form solutions of the equilibrium and compatibility equations governing elastic stress and
strain state of an arbitrary geometry rotating disk or of complex components, such as a turbine rotor with a
hub, web and rim, do not exist in literature. Stress analysis of these disks may be performed using the0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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techniques, such as the ﬁnite diﬀerence method (Stanley Thompson and Lester, 1946; Manson, 1947), numer-
ical methods that use truncated Taylor’s expansion (Sterner et al., 1994), numerical integration (You et al.,
2000), ﬁnite element method (see, for example, Fenner, 1987) and boundary element method (Abdul-Mihsein
et al., 1985).
Elastic stress and strain theoretical analysis of the rotating converging conical disk, whether solid or annu-
lar, axisymmetric and symmetric with respect to the mid-plane, was ﬁrst carried out by Honegger (1927). Sub-
sequently, Giovannozzi (1950, 1956) generalized Honegger’s analysis, by further applying it to the same
convergent conical disk subjected to thermal load and featuring a ﬁctitious variation of the density along
its radius, as well as to the divergent conical disk, whether solid or annular.
The theoretical approach proposed by Honegger and used by Giovannozzi is based on the formulation
originated by Meissner (1913), which transformed the governing homogeneous equation of tapered conical
shell subjected to axisymmetric loads into the Gauss-type equation. Afterwards Honegger (1919) further
developed the subject and supplied the exact analytical solution of Gauss-type equation. Several years later
Honegger (1927) extended this approach to rotating-tapered disks. Unfortunately, the hypergeometric series
involved in Honegger’s and Giovannozzi’s solution of the rotating-tapered disks converge very slowly. For
this analytical diﬃculty, very little works were done and this theoretical methods of approach was practically
neglected for years. Only recently this subject has been resumed. About this subject it is relevant to mention
works concerning conical disks published by Eraslan et al. (Eraslan and Argeso, 2002; Orc¸an and Eraslan,
2002; Eraslan, 2003; Eraslan and Apatay, 2004; Eraslan, 2005; Eraslan and Akis, 2006), concerning the elastic
and elastic–plastic analysis of annular rotating disks with variable thickness.
With reference to elastic analysis of conical disks, the authors always use the same procedure, substantially
referable to the use of hypergeometric functions. Besides, the articles have at least the following drawbacks: (i)
The authors provide the solution of homogeneous equation by means of a linear combination of two hyper-
geometric functions, the former being the same as the one used in the present work, and the latter being totally
diﬀerent to the one used here: in all the works (Eraslan and Argeso, 2002; Orc¸an and Eraslan, 2002; Eraslan,
2003; Eraslan and Apatay, 2004; Eraslan, 2005; Eraslan and Akis, 2006), the second integral, borrowed with-
out critical analysis from Abramowitz and Stegun (1972), is not independent of the ﬁrst integral; as demon-
strated in the present work, its use is not correct. In one work (Eraslan and Argeso, 2002), the second integral
is also obtained from the multiplication of the ﬁrst integral by an integral function, which is even dependent of
the ﬁrst integral. (ii) The procedure (as the author admit themselves) lacks in generality, because it is not pos-
sible to use the analytical approach for solid disks; indeed, both the second integral and the integral function
used show a singularity which cannot be integrated at the disk axis, so that the proposed solution is only appli-
cable to annular disks; for solid disks, the solution of the hypergeometric diﬀerential equation must be found
by numerical integration. (iii) The particular integral of the non-homogeneous diﬀerential equation governing
the centrifugal ﬁeld is determined by means of the constant variation method, which still involves the use of
incorrect second integral and its ﬁrst derivative within the Wronskian matrix (Smirnov, 1972); moreover two
new integral functions are introduced which, beside making calculation more intricate, blur the physical mean-
ing of this particular solution. (iv) Substantially, the formulation is analytical, but the solution is performed by
numerical procedure. (v) Annular disks with rigid inclusion have not physical meaning given that the disk hub
is always a deformable structure.
In the present work, the analysis is elastic and the proposed procedure is quite general and valid for rotating
conical disks, either convergent or divergent, also subjected to thermal load and having density variation along
its radius. As concerns rotating disk having constant density and non subjected to thermal load, only analyt-
ical developments concerning the solution of homogeneous diﬀerential equation of convergent conical disks
are reported; nevertheless the procedure which uses a simple variable change and extends the subject to diver-
gent conical disk is indicated and the correlated ﬁnal results are reported.
As concerns the solution of the hypergeometric diﬀerential equation brought about by the rotating conical
disk under elastic loading, it is proposed to directly use its two independent integrals in lieu of the two linear
combinations used by Honegger and Giovannozzi, showing the advantages as compared to the latter
approach, and validating its results by comparing with those obtained by means of FEA. Moreover this
approach is general and it does not present the limits of the procedures found in up-to-date literature.
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general relations of function ui(t), wi(t), gi(t) e fi(t) are provided for any value of i. Lastly, this analysis also
provides results to a few signiﬁcant calculation examples, which are validated by comparing results obtained
with those obtained by FEA.
This analysis only applies to linear elastic loading. For the analysis of stress and strain states beyond yield-
ing, refer to: Millenson and Manson (1948), You and Zhang (1999), Ma et al. (2001), Eraslan and Argeso
(2002), Orc¸an and Eraslan (2002), Eraslan (2002, 2003), Eraslan and Apatay (2004), Eraslan and Orc¸an
(2004), Eraslan (2005) and Eraslan and Akis (2006). Although it is rather old, among methods regarding
the same group, the Millenson and Manson’s analytical–numerical methods is still unsurpassed in terms of
generalization, as it takes into account not only variations of material elastic and thermal–physical character-
istics, proﬁle geometry and density, but also thermal load, plastic ﬂow and creep, also under residual strain
from previous beyond-yielding stress and creep.
2. Analytical development
2.1. Conical proﬁle geometry and general diﬀerential equations
The general diﬀerential equation governing the displacement ﬁeld of a rotating disk characterized by any
density function q = q (r) and thickness function h = h(r) and subjected, within the linear elasticity, to thermal
load deﬁned by a temperature distribution T = T(r), is as follows:Fig. 1.
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ð1Þwhere, r, u, x, E, m and a are, respectively, radius, radial displacement, angular velocity, Young’s modulus,
Poisson’s ratio and linear thermal expansion coeﬃcient of the material. Eq. (1) assumes the disk is axysimmet-
ric and symmetric with respect to the mid-plane (Fig. 1) and that the thickness is suﬃciently small compared to
its external diameter, so that plane stress assumption is justiﬁed. Thickness variation of conical disks is de-
scribed here by using the linear function h = h0 (1t), introduced by Honegger (1927), where h0 is the thickness
at the axis of the disk, t = r/R is the dimensionless radius, and R is the distance of the apex where the two sidesDisks with conical proﬁle: (a) convergent solid disk; (b) convergent annular disk; (c) divergent annular disk; (d) divergent annular
e) divergent solid disk.
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Giovannozzi (1956), this linear function allows for a thorough deﬁnition of the proﬁle shape of solid and
annular conical disks, either converging or diverging from the internal to the external radius (Fig. 1). It will
be t < 1 for the converging disk, either solid or annular, t > 1 for the annular divergent disk and t < 0 (i.e.
R < 0) for the divergent disk, either solid or annular (Fig. 1).
By introducing in Eq. (1) the expression h = h0 (1t) and its ﬁrst derivative, the following general second-
order non-homogeneous diﬀerential equation is obtained, governing the displacement ﬁeld of the rotating lin-
ear-tapered disk, also subjected to thermal load:d2u
dt2
þ 1
t
 1
1 t
 
du
dt
 1
t
þ m
1 t
 
u
t
¼ 1þ mð ÞaR dT
dt
 T
1 t
 
 1 m
2ð Þqx2R3t
E
: ð2ÞIf either rotation or thermal load are present alone, from the above equation centrifugal or thermal terms van-
ish. General solution of this equation is obtained by adding to the solution of the associated homogeneous
equation the particular solutions. The homogeneous equation is the well-known Gauss hypergeometric diﬀer-
ential equation, featuring coeﬃcients that are analytical functions of the independent variable t and showing
three singularity points (t = 0; t = 1; t =1).
2.2. Rotating convergent disk having constant density
The diﬀerential equation governing the displacement ﬁeld of rotating convergent disk is Eq. (2), without
thermal term.
2.2.1. Particular integral and corresponding stress and strain state
In order to obtain the particular integral of Eq. (2), it is best to start from Eq. (1) without thermal load. By
introducing in Eq. (1) the linear thickness variation in terms of the variable r, and introducing the notation
C = (1m2)qx2/E, the following non-homogeneous diﬀerential equation is obtained:d2u
dr2
þ 1
r
 1
R r
 
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 1
r2
þ m
rðR rÞ
 
u ¼ Cr: ð3ÞIn order to obtain the particular integral up of Eq. (3) we putup ¼ c1rþ c2r2 þ c3r3; ð4Þ
wherec1 ¼ 3ð3þ mÞR
2C
ð1þ mÞð11þ mÞð5þ mÞ ; c2 ¼
ð3þ mÞRC
ð11þ mÞð5þ mÞ ; c3 ¼ 
C
ð11þ mÞ ; ð5Þare constants that can be determined by substituting Eq. (4), along with its ﬁrst and second derivatives with
respect to variable r, in Eq. (3), and by equating to zero the coeﬃcients of various powers in the variable r.
Then, by changing from variable r to variable t in Eq. (4):up ¼  1 m
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: ð6ÞHowever, in the usual plane stress assumption (rz = 0), radial and hoop stresses are obtained by the relations:rr ¼ E
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>>:
ð7ÞThe particular integral (6), through Eq. (7) from which temperature terms are omitted, corresponds to the fol-
lowing stress state:
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rt ¼ qx2R2 gt ¼ r0gt;
(
ð8Þwhere r0 = qx
2R2 is the reference stress and gr and gt are dimensionless functions of t and m, respectively,
given by:gr ¼ 
3þ m
11þ m t
2  2þ mð Þð3þ mÞð11þ mÞð5þ mÞ t
3ð3þ mÞ
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11þ m t
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3ð3þ mÞ
ð11þ mÞð5þ mÞ
 
:
8>><
>>:
ð9ÞThe strain state related to the stress state given by Eqs. (7) is obtained by means of Hooke’s law, valid when
plane stress state is assumed:er ¼ du
dr
¼ 1
E
rr  mrtð Þ þ aT
et ¼ ur ¼
1
E
rt  mrrð Þ þ aT :
8><
>: ð10ÞNote that up has an inherent physical meaning: actually it represents radial displacement in the solid conical
disk, extended to its apex R. In this case radial and hoop stresses are expressed by Eqs. (8). This kind of disk
has a little technical interest, due to pointed tip at external radius, but it gives physical meaning also to func-
tions gr and gt.
2.2.2. Solution of homogeneous diﬀerential equation and corresponding stress and strain state
In order to obtain the homogeneous equation solution of Eq. (2), we observe that this equation corresponds
to the general form:d2u
dt2
þ 1 a a
0
t
þ 1 c c
0
t 1
 
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þ  aa
0
t
þ cc
0
t 1þ bb
0
 
u
tðt 1Þ ¼ 0; ð11Þwith a + a
0
+ b + b
0
+ c + c
0
= 1, given that we have here: 1aa 0 = 1; 1cc 0 = 1; bb 0 = m1; aa 0 = 1;
cc
0
= 0; b + b
0
= 1. Then, we obtain: a = 1; a 0 = 1; c = c 0 = 0; b ¼ 1
2
þ n; b0 ¼ 1
2
 n; n ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5 4mp .
Eq. (11) admits four integrals, but only the following two are independent:u1 ¼ ta0 ð1 tÞcF ða; b; c; tÞ ¼ tF 3
2
þ n; 3
2
 n; 3; t
 
u2 ¼ tað1 tÞcF a cþ 1; b cþ 1; 2 c; tð Þ ¼ t1F  1
2
þ n; 1
2
 n;1; t
 
:
ð12ÞThe following notations are used:a ¼ a0 þ bþ c ¼ 3
2
þ n; b ¼ a0 þ b0 þ c ¼ 3
2
 n; c ¼ 1þ a0  a ¼ 3; ð13Þwhereas F(a,b,c, t) indicates the inﬁnite hypergeometric series of the kindFða; b; c; tÞ ¼ 1þ ab
1!c
tþ aðaþ 1Þbðbþ 1Þ
2!cðcþ 1Þ t
2 þ   
þ aðaþ 1Þ    ðaþ n 1Þbðbþ 1Þ    ðbþ n 1Þ
n!cðcþ 1Þ    ðcþ n 1Þ t
n þ    ð14ÞFrom a general point of view, it should be pointed out that when any one of the numbers c, (cab) and
(ab) is equal to an integer, or when the diﬀerence a 0a = j is an integer, integral corresponding to exponent
a
0
and that corresponding to exponent a are not independent of one another any longer. This is indeed the
condition that comes true in the studied case, where j = a
0a = 2. Thus, of two relations (12) there is only
one usable, either the ﬁrst or the second. In fact, however, the latter solution is unusable, as the third factor
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ential Eq. (11) characterizes the coeﬃcient of du/dt term), is a negative integer, in this speciﬁc case equal to 1.
The above leads to the fact that, in the development as series, all terms of the inﬁnite series become inﬁnite
from the third term onwards, given that the denominator of each includes a null multiplier due to the increase
by one unit of said factor, which equals 1 (Klein, 1933). In such context, it is necessary to select as the ﬁrst
integral of Eq. (11) the one given by the ﬁrst Eq. (12). Then the Eraslan’s use of the second integral (12) is not
correct.
The hypergeometric series F(a,b,c, t) is diverging if the real part Rðc a bÞ 6 1, absolutely converging
if Rðc a bÞ > 0 and, excluding the singularity point t = 1, conditionally converging if 1 <
Rðc a bÞ 6 0. Because, in the case studied here, a, b and c are real coeﬃcients and (cab) = 0, the above
is a case of very slow, conditioned convergence. It is now necessary to ﬁnd a second integral of Eq. (11), inde-
pendent of the ﬁrst solution u1 given by the ﬁrst relation (12). In this respect, it should be noted that the series
appearing in the second relation (12), featuring inﬁnite terms from a certain value onwards, actually become
ﬁnite when the interfering negative integer factors are freely increased by a small quantity e, which however
will need to be minimized by multiplying it by a suitable constant coeﬃcient so as to prevent sensible terms
from tending to inﬁnity. Without tackling this aspect of the problem (Klein, 1933), it is here pointed out that,
upon establishing:u1 ¼ ta
0 ð1 tÞcF a; b; c e; tð Þ
u2 ¼ ta
0jþeð1 tÞcF a jþ e; b jþ e; 2 cþ e; tð Þ
mðj; eÞ ¼ Qj
i¼1
iðe jþ iÞ= aþ e ið Þðbþ e iÞ½ ;
8>><
>>:
ð15Þa second independent integral of Eq. (11) is obtained, as:u2 ¼ lim
e!0
mu2  u1
e
: ð16ÞProceeding with calculation, the following expression of u2 is obtained:u2 ¼ jða 1Þðb 1Þ t
a01ð1 tÞc 1þ
Xj
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1
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s¼2
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ða sÞðb sÞ
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ð17Þ
whereCi ¼ 1i!
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" #Xi1
n¼0
1
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1
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1
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1
jþ 1þ n
 
: ð18ÞGiven that, in the case studied here, j = a
0a = 2, by taking into consideration relations (13), Eqs. (17) and
(18) are transformed into:u2 ¼ 21
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2
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2
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2
 nþ m
1
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1
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!
: ð20ÞThus, the second independent integral of the hypergeometric diﬀerential Eq. (11) is determined. Fig. 2 shows
the curves of the two independent integrals u1 and u2 as a function of t within the interval 0 6 t 6 1. From such
curves, as well as from the structure of ﬁrst Eqs. (12) and (19), it is deducted that u1 !1 for t! 1, whereas
u2!1 for t! 0.
It should be noted that, on the real plane, u1 is convergent within the interval 1 6 t 6 1 (1 6 r 6 R),
whereas u2 is convergent within the interval 0 6 t 6 1 (0 6 r 6 R). Within the interval 0 6 t 6 1, which char-
acterizes the convergent conical disk, both integrals u1 and u2 are convergent; therefore, contrary to what
Fig. 2. u1, u2, gr and gt versus t, within the interval 0 6 t 6 1.
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and Giovannozzi use two pairs of independent integrals for the homogeneous diﬀerential Eq. (11), the former
(u1 and u2) valid within the interval 0 6 t 6 1/2 and the latter (u1 and u2Þ valid within the interval 1/2 < t 6 1.
However, it is easily veriﬁed that at point t = 1/2 separating the two contiguous intervals the domain of inter-
nal integrals u1 and u2 does not correctly match the domain of the two external integrals u1 and u2. Then
Honegger and Giovannozzi impose continuity of integral u1 beyond t = 1/2 up to t = 1 by means of a linear
combination of u1 and u2.
Here, by directly using the two independent integrals u1 and u2, the solution of the associated homogeneous
Eq. (11) may be expressed as:u ¼ C1u1 þ C2u2; ð21Þ
where C1 and C2 are integration constants that can be evaluated from the boundary conditions.
Subsequently, by replacing Eq. (21) along with its ﬁrst derivative with respect to t in Eqs. (7) from which
temperature terms are omitted, and by considering that d/dr = (1/R)d/dt, the following compact relations are
obtained, which express rr and rt as a function of dimensionless radius t:rr ¼ Aar þ Bbr
rt ¼ Aat þ Bbt;

ð22Þwherear ¼ du1
dt
þ m u1
t
; br ¼ du2
dt
þ m u2
t
; at ¼ u1t þ m
du1
dt
; bt ¼ u2t þ m
du2
dt
ð23Þare functions of t and m, whereasA ¼ EC1
Rð1 mÞ ; B ¼
EC2
Rð1þ mÞ ð24Þare the dimensional integration constants, to be determined by imposing boundary conditions. Once functions u1
and u2 have beendetermined, ﬁrst derivatives du1/dt anddu2/dt are obtained by taking into consideration that the
ﬁrst derivative with respect to variable t in series (14) is as follows: dF(a,b,c, t)/dt = (ab/c)F(a + 1,b + 1,c + 1,t).
Lastly, it should be noted that, as shown in Fig. 1, the function h = h0(1t) also allows to describe the
geometry of divergent conical disks. In this case, when t > 1, by introducing a variable y = 1/t, a new
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used for the Eq. (11), the same conclusion is reached that integrals of this new homogeneous hypergeometric
diﬀerential equation are the same as those obtained from (12), upon changing factors a and a
0
with b and b
0
,
while c and c
0
stay unaltered. Nevertheless, it is well known that a rotor shaped as a divergent conical disk is of
little technical use due to its unfavorable mass distribution. In this context, its analysis, without taking into
account actual engineering applications, would be relevant almost exclusively in mathematical terms.
2.2.3. General integral and corresponding stress and strain state
By combining Eqs. (21) and (6), the general solution of the non-homogeneous diﬀerential Eq. (2) is:u ¼ C1u1 þ C2u2 þ up: ð25Þ
Then, by combining Eqs. (22) and (8), radial and hoop stresses are expressed by means of the following
relations:rr ¼ Aar þ Bbr þ r0gr
rt ¼ Aat þ Bbt þ r0gt:

ð26ÞThe strain state related to the stress state given by Eq. (26) are then obtained from Eq. (10) from which tem-
perature terms are omitted. By using a mathematical solution tool, calculating functions ar, br,at and bt, each
related to two diﬀerent hypergeometric functions, as well as functions gr and gt given by Eq. (8), does not pres-
ent any diﬃculty.
Figs. 2 and 3 show diagrams of functions ar,br,at, bt, gr and gt versus dimensionless variable t, for steels
(m = 0.3); the interval calculation is 0 < t < 1, which is in fact the one of a converging conical disk, either solid
or annular, of actual technical interest. It should be pointed out that ar and at tend to inﬁnity for t! 1, given
that u1 !1 at the external apex of the pointed-tip disk (external radius re = R, t = 1), whereas br and bt tend
to inﬁnity for t! 0, i.e. at the disk axis, given that u2 !1 for r! 0 (t! 0). On the contrary, functions gr
and gt assume ﬁnite values in the same interval.
2.3. Conical disk subjected to thermal load
A conical-proﬁle disk will now be considered, subjected to thermal load only, and featuring a temperature
distribution T = T(r) along its radius expressed by the polynomial relationFig. 3. Variation of ar, at, br and bt versus t, within the interval 0 6 t 6 1.
F. Vivio, V. Vullo / International Journal of Solids and Structures 44 (2007) 7767–7784 7775T ¼
Xn
i¼0
kiri ð27Þwhere i = 0,1,2, . . . , n and ki are constants (k0 = T0 being the reference temperature, generally corresponding
to room temperature or assembly temperature). In even more general terms, the temperature distribution
T = T(r) may be expressed in the form T ¼ T 0 þ
Pn
i¼1kir
mi , where ki are constants and m1, m2, . . .,mn are expo-
nents which are not necessarily integers. In the present work the relation (27) is employed, as the optional use
of such more general expression does not add to any conceptual signiﬁcance. The relation (27) implies a tem-
perature gradient diﬀerent from zero along the radius, expressed by the relationdT
dr
¼
Xn
i¼2
ikiri1 ð28Þgiven that the constant k1 does not inﬂuence the stress ﬁeld. By changing from variable r to t and by intro-
ducing Eqs. (27) and (28) into the diﬀerential Eq. (2) without centrifugal term, the following non-homoge-
neous diﬀerential equation is obtained:d2u
dt2
þ 1
t
 1
1 t
 
du
dt
 1
t
þ m
1 t
 
u
t
¼ að1þ mÞR
Xn
i¼2
ikiti1  1
1 t
Xn
i¼1
kiti
 !
ð29Þwhose general integral is the sum of the solution of the homogeneous equation, already known, and of a par-
ticular integral of the non-homogeneous equation. The latter may be obtained, by using the superposition
method, as the linear combination of contribution deriving from component n terms kit
i (with i = 1,2, . . . ,
n) of the temperature distribution T = T (r); thus, by considering the ith term of Eq. (27), Eq. (29) becomes:d2u
dt2
þ 1
t
 1
1 t
 
du
dt
 1
t
þ m
1 t
 
u
t
¼ að1þ mÞRki ðiþ 1Þt
i  iti1
1 t : ð30ÞIn order to obtain a particular integral u0p of Eq. (30), it is easily veriﬁed that Eq. (30) is satisﬁed by takingu0p ¼ aiþ1tiþ1 þ aiti þ ai1ti1 þ    ; ð31Þ
where ai+1,ai,ai1, . . . are constants; by substituting expression (31), along with its ﬁrst and second derivatives
with respect to variable t, in Eq. (30) and by equaling to zero the coeﬃcients of various powers in the variable
t, the values of constants ai+1,ai,aip, . . . , with p = 1,2, . . . , are obtained.
By replacing in Eqs. (7) the series expansion (31) and its ﬁrst derivative, while considering constants
ai+1,ai,aip, . . . as well as the ith term of the function T = T (r), which is T = kit
i, the following expressions
of the corresponding stresses rr,i e rt,i are obtained, as i-degree polynomials in t, with a constant, non-zero
term, which are valid for any value of i:rr;i ¼ EakiuiðtÞ
rt;i ¼ EakiwiðtÞ;

ð32Þwhere ui(t) and wi(t), functions of i and m, are i-degree polynomials with a constant term. In general terms, for
any value of i, relations that allow to calculate functions ui(t) and wi(t) appearing in expression (32) are as
follows:uiðtÞ¼
iti
i2þ3iþ1þmþ i
Yi
j¼2 j
21 h iXi1
m¼1
ðmþ1þ mÞtmQm
j¼1ðj2þ2jÞ
h i Qi
j¼mðj2þ3jþ1þ mÞ
h iþ i
Qi
j¼2ðj21ÞQi
j¼1ðj2þ3jþ1þ mÞ
wiðtÞ¼
iðiþ2Þti
1þ3iþ i2þmþ i
Yi
j¼2ðj
21Þ
h iXi1
m¼1
½1þðmþ1ÞmtmQm
j¼1ðj2þ2jÞ
h i Qi
j¼mðj2þ3jþ1þ mÞ
h iþ i
Qi
j¼2ðj21ÞQi
j¼1ðj2þ3jþ1þ mÞ
:
ð33Þ
From the above general and unpublished relations those that are of possibly higher technical relevance for
engineering calculation are evaluated, i.e.: i = 1 (linear variation of the temperature with radius); i = 2
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radius according to a third-order function). Indeed, it is inferred that with a third-order polynomial, almost
all temperature distributions T = T(r) that are found in commonly used disks may be satisfactorily approxi-
mated. Fig. 4 shows diagrams for steels (m = 0.3) along dimensionless variable t, of functions ui(t) and wi(t) up
to i = 10. It should be noted that, in technical literature, analytical relations for ui(t) and wi(t) are known for
i = 1 and i = 2 (Giovannozzi, 1950; Giovannozzi, 1956) only, as well as diagrams of said functions up to i = 5
(Giovannozzi, 1950). On the basis of the above, while taking into consideration Eq. (22), it is deducted that,
where a non-zero temperature gradient is present along the radius expressed by relation (28), the stress state
can be expressed as follows:rr ¼ Aar þ Bbr þ Eaðk1u1 þ k2u2 þ k3u3 þ   Þ ¼ Aar þ Bbr þ EauðtÞ
rt ¼ Aat þ Bbt þ Eaðk1w1 þ k2w2 þ k3w3 þ   Þ ¼ Aat þ Bbt þ EawðtÞ;

ð34Þwith ui = ui (t) and wi = wi (t).2.4. Rotating disk having density variation on radius
It is known that when the disk carries radial blades on its lateral surfaces, which increase the disk mass
without appreciably contributing to its strength, or when the disk rim is complete with buckets along the
periphery, it is necessary to introduce a ﬁctitious (or virtual) density variation along disk radius. In these cases,
density variation may be expressed by q(r) = q0(1 + dm
0
/dm), where q0 is the density of the material the rotorFig. 4. Variation of ui(t) and wi(t) as function of t, within the interval 0 6 t 6 1, until i = 10.
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0
and dm are, respectively, the elementary masses of lateral blades and disk between radii r and
r + dr. Here we assume that density variation is expressed by polynomial relation:q ¼
Xn
i¼0
qit
i ð35Þwhere q0 is already deﬁned, while q1, q2, . . . are constants, and i = 1,2, . . . , n. Here too, in even more
generic terms, the density distribution q = q (t) may be expressed as q ¼ q0 þ
Pn
i¼1qit
ki , where qi are con-
stants and k1, k2, . . . , kn are exponents which are not necessarily integers; such density distribution was
introduced by Botto (1965). In the present work, the relation (35) is used, because the optional reference
to the more general Botto’s expression would not add to any conceptual signiﬁcance. Thus, by considering
Eq. (35) and by applying it to solve diﬀerential Eq. (2) without thermal term, the following relation is
obtained:d2u
dt2
þ 1
t
 1
1 t
 
du
dt
 1
t2
þ m
tð1 tÞ
 
u ¼  1 m2 x2R3t
E
Xn
i¼0
qit
i: ð36ÞIn this case too, the general integral of Eq. (36) is the sum of the solution of the homogeneous equation,
already known, and of a particular integral of the non-homogeneous equation. The latter may be ob-
tained as the linear combination of contribution deriving from component n terms qit
i (with
i = 0,1,2, . . . , n) of the function q = q (t); thus, by considering the ith term of such density distribution,
Eq. (36) becomes:d2u
dt2
þ 1
t
 1
1 t
 
du
dt
 1
t2
þ m
tð1 tÞ
 
u ¼  1 m2 x2R3
E
qit
iþ1: ð37ÞSuch relation, with i = 0, allows to calculate the displacement u = u(t) related to density q0 of the basic mate-
rial the conical-proﬁle disk is made of; the same equation, with i = 1,2, . . . , n, allows to obtain contribution
related to ﬁctitious variation of density along its radius from radial blades in lateral surfaces, or from rim com-
plete with buckets along its periphery.
In order to obtain the various particular integrals of Eq. (37) the same procedure can be used as that used
with Eqs. (29) and (30), governing thermal loading. For the sake of brevity it is not deemed necessary to spec-
ify analytical developments. They lead to expressing the stress state for a conical disk with a ﬁctitious density
variation along its radius as the sum of partial contribution of the above particular integrals, therefore
expressed as:rr ¼ x2R2ðq0gr þ q1g1 þ q2g2 þ   Þ
rt ¼ x2R2ðq0gt þ q1f1 þ q2f2 þ   Þ
(
ð38Þwhere gr,gt, g1, f1, g2, f2, . . . are functions of t and m.
Functions gr and gt related to the particular integral in Eq. (37) with i = 0 are obtained from relations (9).
In general terms, for any value of i, relations allowing to calculate functions gi(t) and fi(t) appearing in expres-
sions (38) are as follows:giðtÞ ¼ 
ðiþ 3þ mÞtiþ2
i2 þ 7iþ 11þ mþ ðiþ 3þ mÞ
Xiþ1
m¼1
ðmþ 1þ mÞtmQiþ1j¼mþ1ðj2 þ 2jÞQiþ2
j¼mðj2 þ 3jþ 1þ mÞ
þ ðiþ 3þ mÞ
Qiþ1
j¼1ðj2 þ 2jÞQiþ2
j¼1ðj2 þ 3jþ 1þ mÞ
fiðtÞ ¼ 
1þ ðiþ 3Þm½ tiþ2
i2 þ 7iþ 11þ m þ ðiþ 3þ mÞ
Xiþ1
m¼1
1þ ðmþ 1Þm½ tmQiþ1j¼mþ1ðj2 þ 2jÞQiþ2
j¼mðj2 þ 3jþ 1þ mÞ
þ ðiþ 3þ mÞ
Qiþ1
j¼1ðj2 þ 2jÞQiþ2
j¼1ðj2 þ 3jþ 1þ mÞ
:
ð39Þ
From the above general relations, which are also unpublished, those that are of possibly higher technical rel-
evance for engineering calculation are obtained, i.e.: i = 1, i = 2 and i = 3. Indeed, it is inferred that with
a third-order polynomial, almost all functions q = q (t) that are found in commonly used disks may be
Fig. 5. Variation of gi(t) and fi(t), as functions of t, within the interval 0 6 t 6 1, up to i = 10.
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tions gi(t) and fi(t) up to i = 10. It should be noted that, in technical literature, analytical relations for gi(t) and
fi(t) are known for i = 1 only (Giovannozzi, 1956).
On the basis of Eqs. (26) and (38), the stress state for a rotating conical disk featuring a ﬁctitious density
variation along its axis, is obtained from the following relations:rr ¼ Aar þ Bbr þ x2R2ðq0gr þ q1g1 þ q2g2 þ q3g3 þ   Þ
rt ¼ Aat þ Bbt þ x2R2ðq0gt þ q1f2 þ q2f2 þ q3f3 þ   Þ:
(
ð40Þ3. Analytical solution and case studies (Examples)
This section provides a number of case studies of the analytical method laid out above, based on the direct
use, in the whole interval 0 6 t 6 1, of the two independent integrals u1 and u2. Some industrial example of
steel turbine rotors (m = 0.3; E = 204 MPa, q = 7800 kg/m3, a = 12 Æ 106 C1) carrying hub and rim with
buckets on periphery or radial blades on lateral surfaces are considered.
Results from all proposed case studies are then validated by comparison with results obtained by means of
FEA, using a well-known commercial code. The FE models were made using axisymmetric elements with 4
nodes and 3 dofs per node. Stress and displacement distributions clearly show that results of FEA perfectly
match those of the analytical model.
F. Vivio, V. Vullo / International Journal of Solids and Structures 44 (2007) 7767–7784 77793.1. Rotating solid conical disk with re < R and having constant density
In this type of disk, as u2 tends toward inﬁnity at the disk axis (r = 0, t = 0), in order to obtain a ﬁnite value
of radial displacement u at this radius, constant C2 appearing in Eq. (25) must be zero. Moreover, given that
the disk is of the frustum type (re < R), t < 1 at the disk outer radius, and as there is no u1-related singularity
for t = 1, then C15 0. Therefore, in this case, the relation allowing to calculate the displacement ﬁeld is Eq.
(25) from which u2 term is omitted; the boundary conditions are as follows: rr = rt for r = 0 and rr = rre for
r = re. The ﬁrst boundary condition is fulﬁlled by u, and, as it was already shown, by up; from the second
boundary condition, integration constant C1 is obtained. Supposing that rre = 0, i.e. that the disk outer sur-
face is not loaded, the value of constant C1 is obtained by equaling to zero (for r = re) terms in square brackets
appearing in the ﬁrst of Eqs. (7), from which temperature terms are omitted, and by introducing
u = C1 Æ u1 + up and its ﬁrst derivative.
Fig. 6 shows stress–distribution curves rr and rt and displacement–distribution curve u as functions of t in a
steel solid disk, extended to external radius re = 0.8 m, with R = 1 m, thickness at axis h0 = 0.1 m and rotating
at angular velocity x = 314 rad/s.
3.2. Rotating annular conical disk without singularities (ri > 0 and re < R) and having constant density
The majority of disks used in current machinery applications feature a central hole of internal radius ri > 0
and an external radius re < R, so that problems deriving from two singularity points t = 0 and t = 1 do not
apply. In this case, radial displacement u is obtained from Eq. (25) complete with all terms. For such cases
it is useful to calculate stress ﬁeld by using Eq. (26), while determining integration constants A and B by
imposing: rr = rri for r = ri and rr = rre for r = re. Constants C1 and C2 in Eq. (25) may be determined by
using Eq. (24).
Fig. 7 shows stress–distribution curves rr and rt and displacement–distribution curve u as functions of t in a
steel annular conical disk with ri = 0.1 m, re = 0.8 m, R = 1 m, hi = 0.09 m, he = 0.02 m, rotating at angular
velocity x = 314 rad/s and not loaded either at outer or at inner surfaces (rri = 0; rre = 0).Fig. 6. rr, rt and u in a solid conical disk with re < R and having constant density.
Fig. 7. rr, rt and u in an annular conical disk with ri > 0 and re < R without singularities and having constant density.
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If, as it often happens in turbine disks (Fig. 8), the conical disk features a crown ring (rim) and a hub, both
of which are considered of constant thickness, it is necessary to determine ﬁrst of all radial stresses rr,A and
rr,B which are present in section A (r = ri) and in section B (r = re), respectively, and which constitute two
unknown hyperstatic values.
In this respect, by imposing boundary conditions on the conical disk, constants A and B are ﬁrst determined
from the ﬁrst Eq. (26), and are expressed as functions of unknown values rr,A and rr,B; subsequently, by using
the Eq. (26), relations expressing rr and rt as functions of rr,A and rr,B are obtained; lastly, by imposing equal-
ity of radial displacements of the interface A, ﬁrstly conceived as a part of the conical disk and secondly as a
part of the hub, and of the interface B, also ﬁrstly conceived as a part of the conical disk and secondly as a part
of the crown ring, unknown hyperstatic values rr,A and rr,B are determined, and subsequently, proceeding
backwards, all other items. It should be noted that, by appropriately selecting the disk proﬁle, along with
crown ring and hub, stresses rr and rt may be made almost constant; in other words, it is possible to approx-
imate, within certain limits, a disk of uniform strength.
In the practical example in Fig. 8, the crown ring is simulated by an axisymmetric radial stress at the exter-
nal interface (rrB = 120 MPa), whereas there may be three diﬀerent types of hub, more or less massive, of
which the geometry is not indicated, while the corresponding interface stresses rr,A are. Fig. 8 shows
stress–distribution curves rr and rt and displacement–distribution curve u; it clariﬁes that the most advanta-
geous stress distribution is obtained with the more massive hub (x = 200 rad/s).3.4. Conical disk without singularities and subjected to temperature gradient
In this case, a conical disk without any singularity points will be examined, such as the one studied in Sec-
tion 3.2, but not rotating and only subjected to thermal load, with temperature varying according to relation
(27), with i = 3. Here the stress state is obtained from relations (34), while integration constants A and B are
determined by imposing the boundary conditions: rr = rri for r = ri and rr = rre for r = re. Fig. 9 shows
stress–distribution curves rr and rt and displacement–distribution curve u as functions of t in an annular
Fig. 8. rr, rt and u in a conical disk with hub and crown ring, for three diﬀerent hub conﬁgurations, corresponding to three interface stress
distributions rr,A (FEA results, perfectly superimposed to the theoretical one, are omitted for representation clarity).
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not loaded either at inner surface or at outer surface and subjected to a temperature gradient along its radius
according to polynomial T = T0 + k1r + k2r
2 + k3r
3. The same diagram shows the curve of the temperatureFig. 9. rr, rt and u in an annular conical disk without singularities and subjected to temperature gradient.
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third-order polynomial temperature distribution.3.5. Conical disk without singularities and having density variation on radius
Here, a disk without any singularity points will be examined, such as the one studied in Section 3.2, not
subjected to thermal load, but rotating and having variable density along its radius according to density dis-
tribution (35), with i = 3. Here the stress state is obtained from relations (40), while integration constants A
and B are determined by imposing the same boundary conditions of example in Section 3.4. Fig. 10 shows
stress–distribution curves rr and rt and displacement–distribution curve u as functions of t in an annular con-
ical disk featuring the same geometry and made of the same material as the one examined in Section 3.2, rotat-
ing at angular velocity x = 314 rad/s, not loaded either at inner surface or at outer surface, but featuring
variable density along its radius according to polynomial q = q0 + q1t + q2t
2 + q3t
3. The same graph shows
the curve of the density variation, q being dimensionless as compared to the basic material density q0, as well
as coeﬃcients of the third-order polynomial law.3.6. Annular conical disk with density variation on radius and subjected to thermal load
Here, the same disk featured in the previous two examples will be examined, but rotating and subjected to
thermal load, with temperature varying according to relation (27), with i = 3, and having variable density
along its radius according to expression (35), still with i = 3. In this case, the stress state is obtained from
relations:rr ¼ Aar þ Bbr þ x2R2ðq0 gr þ q1g1 þ q2g2 þ q3g3 þ   Þ þ EauðtÞ
rt ¼ Aat þ Bbt þ x2R2ðq0gt þ q1f2 þ q2f2 þ q3f3 þ   Þ þ EawðtÞ;
(
ð41ÞFig. 10. rr, rt and u in an annular conical disk without singularities and having density variation on radius.
Fig. 11. rr, rt and u in an annular disk with density variation on radius and subjected to temperature gradient, and comparison with FEA
results.
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Fig. 11 shows stress–distribution curves rr and rt and displacement–distribution curve u as functions of t in an
annular conical disk featuring the same geometry and made of the same material as the one examined in the
previous two examples, not loaded either at inner surface or at outer surface, subject to a temperature gradient
along its radius and featuring variable density along its radius. The temperature and density distribution
T = T(r) and q = q (r) are the cubical ones already referred to in the previous two examples, and shown in
the diagram as dimensionless form.
4. Conclusion
The paper introduces and proposes an analytical procedure for the evaluation of elastic stresses and strains
in rotating conical disks, either solid or annular, subjected to thermal load, and having a ﬁctitious density var-
iation along the radius.
The procedure is just as general as the classic one found in technical literature; it leads to results that per-
fectly match those obtainable by using Honegger’s method, which is more intricate and more complex. In fact,
the procedure shown here is only based on two independent integrals of the hypergeometric diﬀerential equa-
tion describing the displacement ﬁeld in rotating conical disks, instead of no less than four independent inte-
grals plus related variable change (given that two integrals apply to variable t, and the remaining two to
variable x = 1t), and no less than two linear combinations, initially implying calculation of four constants
in order to ensure continuity of the displacement function and of its ﬁrst derivative at the point within the
interval 0 6 t 6 1 where the variable is changed. Besides, this procedure does not present the limits found
in up-to-date literature.
The procedure has been applied to some examples of actual turbine rotor carrying hub and rim with buck-
ets on periphery or radial blades on lateral surfaces.
7784 F. Vivio, V. Vullo / International Journal of Solids and Structures 44 (2007) 7767–7784The results obtained perfectly match those obtained by FEA. However, the theoretical approach brings
unquestionable beneﬁts in terms of ﬂexibility and calculation speed, along with the solution of a hypergeomet-
ric diﬀerential equation.
In this same work, general and unpublished relations are provided of functions ui(t), wi(t), gi(t) and fi(t), for
any value of i, by means of which the stress state and the related strain state may be expressed for conical
disks, still subjected under elastic conditions to thermal gradient, and featuring a density variation along
the radius (T(r) and q (r) being expressed by polynomials of any n grade), along with procedures to obtain
those expressions. In this case too, results obtained by using the proposed procedure perfectly match those
obtained by FEA.
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